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A c c e p t e d m a n u s c r i p t 1 Introduction
In proportional representation systems the electoral vote proportions have to be mapped to specific seat allocations. The latter are integer numbers, whereas the vote proportions are almost continuous quantities by comparison. Therefore, the apportionment process involves some adjustment of the fractional numbers of seats that would arise if literal calculation were possible. In order to decide for or against a specific apportionment method several criteria are of interest (e.g. Niemeyer and Wolf, 1984 , Kopfermann, 1991 , Niemeyer, 1998 , Heinrich and Schwingenschlögl, 2006 . Amongst them the following seem to be obvious:
1.) A majority of votes implies a majority of seats in parliament.
2.) A minority of votes implies a minority of seats in parliament.
However, these criteria are violated by many popular methods.
Let the ordered probability simplex S ≥ be the set of all ordered non-negative weight vectors w = (w 1 , . . . , w ) t summing to one,
We interpret w i as the share of votes for the i-th largest of the competing parties, i = 1, . . . . For a given house size M , that is the number of seats to be allocated among the parties, the possible seat allocations m = (m 1 , . . . , m ) t form the grid set
2 A c c e p t e d m a n u s c r i p t
An apportionment method A maps a weight vector w into a seat allocation vector m,
Note that rounding the weights w i individually does not generally result in a feasible apportionment method as the side condition i=1 m i = M is not enforced automatically (e.g. Happacher, 2001 , Section 1).
In this letter we address some of the most popular apportionment methods.
The q-stationary divisor methods, with parameter q ∈ [0, 1], allocate to the weight vector w the integer vector A(w) via
The divisor Table 1 Probabilities of violated majority (P + (A, )) and minority (P − (A, )) criteria for several apportionment methods in systems of = 3 and = 4 parties. 
Results
if λ i = 0 and i ∈ R(m),
where z(λ) := |{i ∈ R(m) : λ i = 0}| and e(λ) := |{1 ≤ i ≤ : λ i = 1}|. For the q-stationary divisor methods we have the components, for i = 1, . . . , , 
Summation over G ≥ (M ) now reduces to the combinatorial problem of determining the so-called apportionment polynomials, for r = 1, . . . , , 
Probabilities of violation
An example for a violated majority criterion is given in Figure 1 , which shows for a system of = 3 parties both the probability simplex and the grid set of possible seat allocations, for the divisor method with rounding up (q = 0).
The marked set of weight vectors represents a majority of votes for the largest party. Still, because the divisor method with rounding up leads to the seat allocation m = (2, 2, 1) t , there is no majority of seats. In the following we aim at calculating the probability that the majority or minority criterion is not fulfilled. Therefore, we introduce the set of weight vectors violating the majority criterion 
Assuming a uniform distribution of the weight vectors w on S ≥ , we are interested in calculating the probabilities P + (A, ) := P (w ∈ V + (A, )|w 1 ≥ . . . ≥ w ) (11) P − (A, ) := P (w ∈ V − (A, )|w 1 ≥ . . . ≥ w ).
To that end, we have to distinguish whether the house size M is even or odd.
For M even, under the condition that w 1 = 1/2 implies A(w 1 ) ≤ M/2 we have
and under the condition that w 1 = 1/2 implies A(w 1 ) ≥ M/2 we have 8
